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The purpose of this note is to characterize when the length of the alternation set 
can be used to determine if a best real rational approximant of a real continuous 
function on a real interval is also a best complex rational approximant. 
1. INTRODUCTION 
For a given pair (m, n) of non-negative integers and a given continuous 
real function f on [-1, 11, it is well known that there is a unique best 
uniform approximation from the set of real rational functions with numerator 
degree at most m and denominator degree at most n and that the best 
approximation R is characterized by the length of the alternation set (defined 
below) off- R. See, for instance, [2, p. 16 11. Less is known about complex 
rational approximants of real functions. One might expect as in the 
polynomials case that admitting complex approximants would not produce a 
better approximation since the imaginary part of the rational function does 
not aid in approximating a real function. It seems to be a fairly recent obser- 
vation that that is not the case. See, for example, [4], which gives as a 
special case the earlier result of [ 11. 
This prompts one to wonder under what circumstance a best real rational 
approximant is also a best complex approximant. In [4], Saff and Varga 
gave a partial answer to that question. Their result, stated as Theorem 1.1, 
below, gives two constants d, and d, such that if the length of very alter- 
nation set off - R is no more than d, then R is not the best complex rational 
approximant and iff- R has a alternation set of length at least d, then R is 
a best complex rational approximant. Unfortunately, in most cases d, < d, 
so that their results left a gap in which one could not decide on the basis of 
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the alternation set alone whether or not R was a best complex rational 
approximant. Later, Wulbert observed in [5] that this gap cannot be 
removed. That is, in certain circumstances a knowledge of the length of the 
alternation set off-R is not sufficient to decide if R is a best complex 
rational approximant of J 
The main result of this note, Theorem 3.4, explicitly describes that gap. 
We prove Theorem 3.4 by lirst showing that d, can be replaced by 
m + n + 1 (Theorem 2.1) and then proving that the constants m + n + 1 and 
d, cannot be improved (Corollary 2.4 and Theorem 3.3). 
To give a precise statement of the result of Saff and Varga and of our 
extension of that result, we will need to develop some notation. For any non- 
negative integer n, let II, denote the set of all polynomials with real or 
complex coefficients which have degree at most n, and let ZIL be the subset of 
n,, which consists of polynomials with only real coefftcients. We will use 
n m.n and %., to represent the sets {q/p: q E II,,, and p E ZI,, ) and 
{q/p: q E nf, and p E n:}, respectively. For arbitrary polynomials q and p, 
let (q,p) be the greatest common divisor of q and p. In particular, if 
(q,p) = 1 then p and q have no common factors. 
For a given real or complex function f, let jlfl\ := sup,,,- ,,1l IS(x)]. A 
rational function R E n,,,(ZZ&) is a best uniform approximation off from 
ZI,,,(fl~,,) if ]lf- R II= inf,,nm n ]lf- T(I (inf,,,; n IIf-- Tll). The collection 
of all best uniform approximations off from n,,,(nL,,) will be denoted by 
fL,Jfwn,“dfD 
If f is a real continuous function on [-1, 11, known compactness 
arguments show that B,+,(f) and B',,,(f) are not empty. In fact, as we 
mentioned from above, B',,,(f) contains a single element R = q/p with 
(q,p) = 1 which is characterized by the property that f - R has an alter- 
nation set containing at least 2 + max(m + degp, n + deg q) points, where 
for any real function g on I-1, l] an alternation set for g is defined to be 
any finite collection x, < x2 < . . . < xk of points of [- 1, 1 ] such that 
xj E crit( g) := {x E [-1, 11: I g(x)] = I( gll}, j = 1, 2 ,..., k and 
dxj> dxj+ 1) G Oy j = 1, 2 ,..., k - 1. 
With this definition, the result of Saff and Varga can be stated as follows: 
THEOREM 1.1. Let f be a real continuous function on [-1, 1 ] and let 
R E BL,,(f ), where R = q/p and (q,p) = 1. 
(a) If every alternation set off-R contains at most d, := 1 + m + 
min(n - degp, m - deg q) elements, then R & B,,,(f ). 
(b) If f-R has an alternation set which contains at least 
d, := 2 + n + max(m + degp, n + deg q) points, then R E B,,,(f). 
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In proving Theorem 1.1, Saff and Varga obtained a slightly stronger esult 
than is stated in Theorem 1.1 (a). They showed that if every alternation set of 
f-R contains at most d, elements, then for any E > 0 there is an R, E IZm,n 
for which /[f-R,ll < ]]f-- RI) and I(R - R,ll < E. That is, R is not even a 
local best approximation off: Defining B:,,(f) to be the set of TE Lr,,,, for 
which there is an E > 0 (which depends on 7) such that if S E 17m,n and if 
]]f- S]] < ]]f- T]] then ]]S - T]] > E, we see that Saff and Varga really 
proved that R 65 Bfn+nu). Clearly B,,,cf) c&,,,(f). We shall state our 
extension of Theorem 1.1(a) in terms of BL,,df). 
2. PROPERTIES OFBA,,(J)ANDB~,~~~) 
In this section, we will establish two necessary conditions for a rational 
function R to be a member of B:,“(f), Theorem 2.1 and Theorem 2.2; and 
one sufficient condition for R to be a member of B,,,(f), Theorem 2.3. As 
we remarked above, Theorem 2.1 shows that d, of Theorem 1.1 (a) can be 
replaced by m + n + 1. 
THEOREM 2.1. Let f be a continuous real function on [-1, I], and let 
R E B;,,(J), where R = q/p and (q,p) = 1. If every alternation set of 
e :=f - R contains at most m + n + 1 elements, then R & B:,“(f). 
Proof: We shall consider rational functions of the form 
sq+;la 
R, :=p 
SP + Izp 
where degs<d:=min{n-degp,m-degq}, aEl7,,,, PEli’,, and 1 is a 
small positive real number. With s, a, and p satisfying the conditions above, 
it is easily verified that R, E II,,,, . Our goal is to show that we may choose 
s, a, and p so that 
e Re{f@q - ap)} < 0 on crit(e), (2.1.1) 
where S is the complex conjugate of s, and 
s has no zeros in [-1, 11. (2.1.2) 
Given s, a, and p satisfying (2.1.1) and (2.1.2), we will have that 
Ilf - R, II < Ilf - R II (2.1.3) 
for all 2 sufficiently small, whence R @ BA.,(f ). 
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To see that (.2.1-l) and (2.1.2) imply (2.1.3), we first note that since 
R E B;,,(f) we may assume min XEI- ,,ilp(x) > 0. That assumption, (2.1.1), 
the compactness of crit(e), and continuity guarantee that there is an open set 
P of [-1, 1 ] containing crit(e) such that for some E > 0 
e(x) ReWN.Rx> q(x) - ~(x>P(x)>/ < --E for x E P (2.1.4) 
In addition, that assumption and (2.1.2) yields that 
0 <P := f $lj: 11 IwPo(xr < $j: 1l IS(X)P(X) + fw412~ (2.1.5) 
and 
0 < f llwl12 < IIVJ +VlI’ < 2 IhIIZ := Y (2.1.6) 
for all ,J sufficiently small, say 0 < 13. < A,. Defining t :=/?q - ap, we obtain 
V-(x> -R&)1* - I.@> -R(x)l* 
1 
= Is(x)p(x) + App(x)12 C 24-4 ReMx) WI 
(2.1.7) 
+2/le(x)ReIf(:F/ +A!$$]. 
Let M := II 2e Re(tD/p) + (It I’/p’)II, and assume I < 1,. From Eq. (2.1.6) 
and inequality (2.1.4), we conclude that 
~~(x)-R~(x)~*CII~-RI~*-~~~+~ for x E 8’. (2.1.8) 
If I < min{A,,ps/My}, then (2.1.8) implies 
If@)I -R&I’ G llf-Rll* - ;E for x E P. (2.1.9) 
On the other hand, since crit(e) c P/, it follows that there is a 6 > 0 such that 
If@> - W)l* < IV-R II* - 2~3 
for all x E [-1, l] -P. (2.1.10) 
If we let K := ]]2e Re{&}]], then (2.1.7) and (2.1.10) give 
If(x) - R,(x)l’ < I/f-R /I* - 26 + F + F 
for xE [--I, l] -?J. (2.1.11) 
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By choosing L < min{A,,~ue/M, &y/(Ky +PE)} and using (2.1.11) we find 
that 
If(x) - R&l2 G llf- R IV - 6 for all x E [-1, l] - %. 
(2.1.12) 
Hence by (2.1.9) and (2.1.12), inequality (2.1.3) is established. 
The proof will be complete if we show that s, (I, and /I can be chosen so 
that (2.1.1) and (2.1.2) hold. Let k be the length of the longest alternation set 
of e. Since k < m + it + 1, the best approximation w of e from n;,,, on 
1-1, 1 ] is not identically zero. So, for x E crit(e), 
(e(x) - w(x))’ = e(x)’ - 2e(x) w(x) + w(x)’ < e(x)*, 
and therefore we have that e(x) w(x) > 0 for x E crit(e). Consider a 
polynomial of the form V(X) = -w(x + Si), where 6 > 0 is small. It follows 
that for 6 sufficiently small 
e(x) Re V(X) < 0 for all x E crit(e), (2.1.13) 
and 
u(x) has no zeros in [-1, 11. (2.1.14) 
Take 6 small enough so that (2.1.13) and (2.1.14) hold. Since u E n,,, + n, v 
may be factored into the product of polynomials s” and i, where deg s^< d := 
min{n-degp,m-degq} and degi<N:=max{m+degp,n+degq}. Say 
i(x) = ,Y& a,.$. Define s(x) := cjjZO tijsix’. Since v is not zero in [-1, 11, 
neither are s^ and s. Further, since fE n, and p and q are relatively prime, 
there are polynomials a E l7,,, j? E lZ, for which t^ = /?q - ap. But on crit(e), 
s(x)@(x) q(x) - a(x)p(x)) = sI(x) i(x) = u(x), and therefore (2.1.1) and 
(2.1.2) follow from (2.1.13) and (2.1.14). I 
If R E B;,,(f) then R is the best approximation off on critGf- R) from 
the subset of functions from nk,, which are also continuous on [-1, 1 ] (cf. 
Rivlin [3, p. 13 1 I). However, R need not be the best approximation off on 
critdf- R) from nk,,. For example, let f(x) =x - 2T,(x) where T, is the 
Chebyshev polynomial of degree 3, that is, f(x) = 7x - 8x3. Note that 
f(x) -x = -2T,(x) h as an alternation set of length 4, and therefore 
x E B:, i(j). But, an easy calculation shows that on critdf- x) = 
(-1, - 4,4, I}, If(x) - x] = 2 while If(x) - 1/2x] = t. Combining these 
two functions to form 
R,= 
x + Li 
1 + 2xAi’ 
A > 0, 
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a direct calculation shows that i/f- R, /( < /If-- x(/ for II sufficiently small. 
That fact motivates the following theorem: 
THEOREM 2.2. Let f be a continuous real function on [-1, I]. Let 
R E B’,,,(f), R = q/p where (p, q) = 1, and e :=f - R. Zf there exists 
TE K,, such that 
If(x) - T(x)1 < Ilell, x E crit(e) (2.2.1) 
then R @B:.,(f). 
ProoJ Suppose (2.2.1) holds. Say T = a/P, where a E III;, p E I7;, and 
(a,@ = 1. For x E crit(e), 
0 > If(x) - T(x)l’ - le(x)l* 
= 2e(x) 
[ 
P(x) q(x) - a(xM-4 + P(x) (4 - a(x)z-G) * 
P(X) P(x) 1 [ P(X) B(x) I 
1 
=rc(x>2 [ 
2e(x) t(x)P(x) + t(x)’ 
P(X) p(x>” I 
where t := fiq - ap. So 
ZeCx) t(x>P(x> + t(x)* < o 
P(X) p(x)>’ 
for x E crit(e). (2.2.2) 
For real A, we define 
R .=4 +k 
.ie p+* 
Since deg(q + Aia) < 111 and deg(p + nip) < n, for all I, R, E Z?m.n. 
Moreover, since R E Bk,,df), we may assume that 
(2.2.3) 
and therefore there is a 1, > 0 such that 
P < ,,py 1) IP(x) + Wx>l < 2~ for all IAl <A,. (2.2.4) 
If-R,j2-~f-R~2= ‘* 
Ip + iMl* 
/2ez+$/ . (2.2.5) 
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By (2.2.2), (2.2.3), and (2.2.4), the right side of (2.2.5) is continuous on 
[- 1, I] and negative on the compact set crit(e). Thus, there is an open set g 
of [- 1, 1 ] containing crit(e) and an E > 0 such that 
If(x) - Kdx>12 < If(x) - W)12 - g & 
for ]A]<&, xEZ?. (2.2.6) 
Proceeding as in Theorem 2.1, we find a 6 > 0 and a 1, > 0 for which 
If(x) - W412 < IV(x) - RWl12 - 6 
for (A] < A,, XE [-I, l] -%. (2.2.7) 
From inequalitites (2.2.7) and (2.2.6), we obtain 
Ilf- R,ll < llf- R II 
for all J sufficiently small which establishes the result. 1 
We have claimed that the constant m + n + 1 of Theorem 2.1 cannot be 
replaced by a larger constant and still have the conclusion of the theorem by 
valid. That fact is a consequence of the next two results, Theorem 2.3 and 
Corollary 2.4. Actually, Theorem 2.3 is an extension of a result due to 
Wulbert. In [5], he proved Theorem 2.3 for the special case when R is 
normal (deg q = m or degp = n). 
THEOREM 2.3. Let f and R be continuous real-valued functions on 
[-1, l] such that R E Ilk,,, R = q/p, (q,p) = 1, and e :=f - R has an alter- 
nation set of length at least m + n + 2. Then 
R E B,,,(Ae + R) for all sufficiently small A > 0. (2.3.1) 
ProoJ: If q = 0, we conclude from Theorem 1.1 that (2.3.1) holds. 
Assume that q & 0 and that (2.3.1) does not hold. With that assumption, we 
must have a sequence {A,} with Jk > 0,1, + 0 as k + co and a sequence { Tk} 
with T, E IIm,n, T, = sJt,, (sk , tk) = 1 such that 
ll~,f+(1-~,>R-T~ll~~,llf-RlI~ (2.3.2) 
We begin by writing T, in a more convenient form. Suppose that for some 
fixed k, deg t, - degp Q deg sk - deg q. Using the division algorithm for 
polynomials, we find polynomials uk, Pk such that 
t, := u,p +& with de bk ( dew 
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Defining ak := sk - ukq, we see that ak E l7, and 
T, = ukq + ak 
ukP +Pk ’ 
where 
(2.3.3) 
and 
akEn,y PkEnn 
(2.3.4) 
deg ak < deg q or deg bk C deg P. 
If deg tk - degp > deg s, - deg q, we apply the division algorithm to sk and q 
t0 obtain sk = u,q + ak. By Setting Pk := tk - nkp, we obtain (2.3.3), and 
(2.3.4). Note that deg uk < min{m - deg q, n - degp}. 
Let &k := max{llakll, II/Ikll}. Define 6, := ad&k, yk :=PJE~, and rk := 
ykq - 6,~. With those definitions, we have 
and 
T, = ukq + Ekdk 
ukP -t EkYk’ 
(2.3.6) 
In addition, since {II ykll} and {IISkll} are bounded sequences, by passing to an 
appropriate subsequence we may assume that (6,) and {yk} are both 
convergent. Say Bk-+ 6 and yk+ y. By (2.3.4) and (2.3.5), we may also 
assume that either deg 6 < deg q or deg y < depp and either [ISI = 1 or 
IIYII = 1. 
Let r := lim,,, rk = yq - Sp. If r G 0 then since (q,p) = 1, q f 0, and 
p f 0, it must follow that p divides y and q divides 6. But that cannot happen 
since deg y < degp or deg 6 < deg q and at least one of y and 6 is not iden- 
tically zero. We conclude that r & 0. In particular, since crit(e) contains at 
least m + n + 2 points and r E Z7,, N := max(m + degp, )2 + deg q), we 
observe that 
(2.3.7) 
We will now obtain a contradiction from (2.3.2). By (2.3.2) and (2.3.6), 
we have that for x E crit(e) 
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0 > IIke + R(x) - Tk(x)(* -A: le(x)l’ 
= 2A,e(x) Re(R(x) - T,(x)) + IR(x) - T&x)(* 
1 
= 7 
I tk(x)I 
2Akek44 RebkW rkWl 
+ 21,e:e(x) Re 
So for x E crit(e), 
0 > 2e(x) Re 
! 
1, Uk(X) Ike) 
&k I 
+U,e(x)Re /rk(zy/ +s. 
(2.3.8) 
For x real, wk := Re(Lktikrk/sk) is a real polynomial with degree at most 
m + n, and consequently (2.3.8) becomes 
0 > k(X) Wk(X) + %ke(X) Re 1 rk(Xj)ii$) 1 t bjk@$, 
x E crit(e) (2.3.9) 
where wk(x) E nL+ n and rk E n,. 
Iflim k+co 11 wk(f = 0, then letting k -+ co in (2.3.9) we obtain 
0 > I r(4l’ 
‘PO’ 
for all x E crit(e) 
7 contradicting (2.3.7). If hm, o. (( wk(I # 0, by choosing a subsequence if 
necessary we may assume that w,J wkll converges to a polynomial 
wEcn+n and that lim,, l/II wkll exists and is finite. Dividing (2.3.9) by 
1) wkl\ and passing to the limit, we find that 
0 > e(x) w(x), x E crit(e). 
But crit(e) contains an alternation set for e with length at least m + n + 2. 
By the standard argument, we conclude that w has at least m + n + 1 zeros. 
As wEfl,,,+n, w must be identically zero, However, (I w II = 1, and therefore, 
we have obtained a contradiction. Hence (2.3.1) is established. 1 
COROLLARY 2.4. For any integers m, n, d,, d,, k with 0 < d, < n, 
0 < d, < m, and k > m + n + 2, there is a real continuous function f on 
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[-1, 1 ] and a real continuous rational function R E lTh,, for which R = q/p, 
(q, p) = 1, degree p = d, , degree q = d,, the longest alternation set off-R 
has length k, and R E B,,,(f). 
Proof Let e be a real continuous function on [- 1, 1 ] whose longest 
alternation set has length k. Choose q E Z7; and p E ZZL so that p and q have 
degree d, and d,, respectively, (p, q) = 1, and p has no zeros in [-1, 11. Let 
R := q/p. By Theorem 2.3, for A > 0 sufficiently small, R E Bm,@e + R). 
Setting f := Ae + R gives the result. 1 
3. THE MAIN RESULT 
In this section we first prove that the constant d, of Theorem 1.1(b) 
cannot be improved. We do this by showing in Theorem 3.2 that for any 
positive integer k with k < d, there is a real continuous function f and a real 
rational R E Z7& such that R E B;,,(f) and the longest alternation set of 
f-R has length k but R & B;,,(f). Our main result, Theorem 3.4, will then 
follow as consequence of Theorem 1.1, Theorem 1.2, and Theorem 3.2. 
LEMMA 3.1. Let k, t be integers with k > t > 0. There exist real 
polynomials p1 and p2 such that 
(a) degp,=k, degp,=e, ana’ (p1,p2)= 1; 
(b) p, and pZ have respectively k and t distinct zeros in (-1, 1); 
Cc> de@, +PJ = k; and 
(d) p1 fpz has no zeros in [-1, l] and p, +p2 has at least one real 
zero when k + 0. 
Proof When k = 0, put p, =p2 = 1. If k # 0 we consider three cases: 
k odd, k even and e odd, k even and e even. 
Case 1. k odd. 
Let p, = T&x + 1) and pZ = (-l)‘cTd2x - l), where T, and T, are 
Chebyshev polynomials of degree k and e, respectiverly, and c is an arbitrary 
constant, 0 < c < 1. Since p, has k zeros in (-LO) and p2 has e zeros in 
(0, l), it is evident that (a)-(c) are satisfied. We need to determine c so that 
(d) holds. 
Recall that the Chebyshev polynomial of degree j, Tj, satisfies ]Tj(x)J < 1 
when x E [-1, 11, ] Tj(x)l > 1 when x 4 [-1, l] and Tj(-1) = (-1)“. When 
c = 1 that fact gives 
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IPl(X) +P2(xl> IT& - 111 - I T/d& + 111 >0 
for x E [-1, 0), 
lP,(x)+P*(x)l~I~,(2x+ III-ITOX- 111 >o 
forx E (0, 11, 
and 
p,(O) +P*(O) = 2. 
But when c = 1, (c) is not satisfied for e = k. By taking c = 1 -E, E > 0 
sufficiently small, p1 +p2 will still have no zeros in [-1, 1 ] and 
deg(p, +pJ = k for any e, k > e > 0. Since p1 +pz has odd degree, p, +pz 
must have at least one real zero. 
Case 2. k even and e odd. 
Let q1 := (x + f)k, q2 := -c(x - l)‘, where c > 1. Clearly, q + qz has no 
zeros in [-I, 11. Let c = (3)” so that q, + q2 has a simple zero at 2. By 
continuity, we may choose distinct points -1 ( y, < yZ < . .. < y, < z1 < 
-72 -c . . a < zg < 1 so that if I yj + $1, j = 1, 2 ,..., k, and IZj - 11, j = 1, 2 ,..., e 
are sufftciently small then 
S(X) I= fi (X -Yj) - (j)” fI (x - zj) 
j=l j=l 
has no zeros in [--I, 11, and s has a zero in (1, co). Setting 
p,=n=,(x- .) d yJ an p2 = -($)” a= r (x - zj) establishes (a)-(d). 
Case 3. k even and e even. 
Choose positive integers s and t such that s and t are odd and s + t = k. 
Define q,(x) := (x - 1)” (x + l)‘, q2(x) := - 4x4 Then q, + q2 has no zeros 
in [-1, 11. Moreover, since q,(l) + q2(1) = - j and ql(x) + q2(x) > 0 for all 
x sufficiently large it follows that ql(x) + q2(x) has an odd zero in (1, co). 
Proceeding as in Case 2, we obtain (a)-(d). 1 
LEMMA 3.2. For any integers m, n, d,, d, with 0 Sd, < n, 0 <d, <m, 
there are real rational functions R and T satisfying 
(a) R = q/p, where deg q = d,, degp = d,, (q,p) = 1, and p(x) # 0 for 
XE [-1, 11; 
(b) T = s/t, where deg s < m, deg t < n, (s, t) = 1; 
(c) therearepoints -l<x,<x,<~~~<x,<l, whereL:=l+n+ 
max{n + d,, m + d,} such that 
[R(Xj) - T(Xj)] [R(Xj+ 1) - T(Xj+ I)] < 0, j = 1,2,**., L - 1 
and t(xj) # 0, j = 1, 2 ,..., L. 
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Proof. First suppose n + d, < m + d,. Define N := max{n + d,, m t d,}, 
k := N - d,, and e := n. Let p, and pz be polynomials satisfying (a)-(d) of 
Lemma 3.1. Choose any polynomial q E n& which has d, distinct zeros in 
(-1, 1) different than those of p, and p2. Denote -p2 by t. Condition (d) of 
Lemma 3.1 guanrantees that -pl + t can be factored into the product of real 
polynomials r and p where deg I = k - d, and degp = d, and p has no zeros 
in [-1, 11. Putting s := qr, we observe that deg s < d, + k - d, = m. 
Now, define R := q/p and T := s/t. Then 
R-T=qt-sp/& -- 
Pf Pt ’ 
which has exactly N distinct simple zeros and exactly n distinct simple poles 
in (-1, 1). Let y, < y, < a.. < y, _ 1 represent all of those zeros and poles, let 
y, := - 1, and let y, = 1. Since the zeros and poles of R - T in [- 1, 1 ] are 
simple, R - T does not change sign on (Yj,Yj+ 1), j = 0, l,..., L - 1, and 
moreover, R-T has different signs on (Yj,Yj+l) and (~~+~,y~+*), 
j = l,..., L - 2. Selecting Xj E (Yj_ 1 ,Yj), j = 1,2,..., L yields (a)--(c). 
If N := n + d, > m + d,, let p1 En,& be any real polynomial with N 
distinct zeros in (-1, l), let p be any polynomial with degp = d, such that 
p(x) > 0 for all x E [- 1, 11, and let s > 0 be a constant so small that p, + sp 
has N distinct zeros in (-1, 1). Our choice of p1 and p implies that p1 and 
p, + sp have no common zeros. Factor the polynomial p1 + sp into the 
product of polynomials q and t so that deg t = n and deg q = d,. Define 
R:=q/p and T:=s/t. Since R-T=p,/pt, R-T has Ntn=L-1 
distinct simple zeros and poles in (-1, 1). Continuing as above, we obtain 
(4-W 1 
THEOREM 3.3. For any integers m, n, d,, d,, k with 0 < d, < n, 
0 < d, < m, and 0 < k < L := 1 + n + max{n + d,, m + d,}, there is a real 
rational function R with no poles in [-1, 1 ] and a continuous real function f 
on [-1, l] for which 
(a) R =dp h w ere degq=d,, degp=d,, and (q,p)= 1; 
(b) f-R has an alternation set of length k and R & B:,,(f). 
Proof. Let R and T be as in Lemma 3.2. By (c) of Lemma 3.2 there is a 
set of points X := {x, ( x2 < . . . < xk} such that 
sign [R (xj) - T(x,)] 
= (-ly’+’ sign[R(x,) - T(x,)], j = 1, 2 ,..., k. 
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Define e^ on X by 
iyXj) := (-1 y’ ,I, 
where 
1 := sign[R(x,) - T(X,)]( 1 + 1TF2k{R(Xj) - T(xj)}. 
Let e be any continuous extension of e^ to [--I, l] such that 
and le(x)l < A for x z x, ,..., xk . 
Now, put f:= e + R. Since both e and R are continuous, so is j Also f - R 
has an alternation set of length k. But for x E X, 
If(xj> - T(xj)l = le(xj) + R&j) - T(Xj)I 
= I(-ly 1 + R(Xj) - T(Xj)l 
=Il~l-IR(Xj)-~(xj)ll < IdI* 
(3.3.1) 
However, (3.3.1) implies that T is a better approximation tofon crit(e) than 
R is. By Theorem 2.2, R &B’,,,(f). 1 
THEOREM 3.4. Let f be a real continuous function on [ 1, 1 ] and let 
R = q/p E G,,, 9 (q,p) = 1 be such that the longest alternation set off-R 
has length L. 
(a) IfL > 2 + n + max{m + degp, n + deg q) then R E B,,,(f). 
(b) ZfL Q m + n + 1 then R 6? l&,(f). 
The constants in (a) and (b) are the best possible in the following sense: 
Let A ,(I,, I,, I,, Z4) and A,(Z, , I,, I,, I,) be integer functions of four 
integer variables such that for any real continuous f and R = q/p E IZL,,, 
(q,p) = 1 with L the length of the longest alternation set off-R it follows 
that 
(c) L > A,(m, n, deg q, degp) implies that R E B,,,(f); and 
(d) L < A,(m, n, deg q, degp) implies that R 6? BL,n(f); 
then 
(e) Al(m, n, deg q, deg p) > 2 + n + maxim + deg p, n + deg 4)); 
and 
(f) A,(m, n, deg q, degp) < m + n + 1. 
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Proof. Condition (a) is (b) of Theorem 1.1. Condition (b) follows from 
Theorem 2.1. The remainder of the theorem follows from Corollary 2.4 and 
Theorem 3.3. a 
REFERENCES 
I. K. N. LUNGU, Best approximation by rational functions (Russian), Math. Zametki, 10, 
No. 1 (1971), 11-15. 
2. G. MEINARDUS, “Approximation of Functions: Theory and Numerical Methods,” Springer- 
Verlan, New York, 1967. 
3. T. J. RIVLIN, “An Introduction to the Approximation of Functions,” Blaisdell, Waltham, 
Mass., 1969. 
4. E. B. SAFF AND R. S. VARGA, Nonuniqueness of best complex rational approximations to 
real functions on real intervals, J. Approx. Theory 23, No. 1 (1978), 78-85. 
5. D. WULBERT, On the characterization of complex rational approximations, Illinois J. 
Mafh. 24, No. 1 (1980), 140-155. 
